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Introduction

As suggested by the title, this thesis covers various areas in mathematical analysis:
it contains foundational topics in operator theory, interpolation spaces, and singular
integrals, which provide a comprehensive framework for understanding the advanced
results in the article by S. Janson and T. H. Wol" [14]. The contents of this significant
work are discussed in Chapter 4. Below, I will summarize the contents of this thesis in
greater detail.

The first Chapter aims to introduce the so-called Schatten classes, which are specific
classes of compact operators on Hilbert spaces characterized by the fundamental property
that the sequence of their singular values belongs to a certain ωp space. To achieve
this, several foundational topics are presented first, including compact operators with
some of their basic properties, other classes of operators (normal, unitary, positive), the
concept of diagonalization for compact self-adjoint operators, and finally the singular
value decomposition of a compact operator on Hilbert spaces.

Chapter 2, on the other hand, aims to provide the foundational knowledge on interpo-
lation spaces necessary for understanding the article [14]. Its contents are mainly drawn
from the book [3]. In particular, after introducing the Riesz-Thorin theorem and the
Marcinkiewicz theorem, two classical results, a general discussion of interpolation space
theory is presented, with a specific focus on the Real Method. Subsequently, the specific
case of interpolation using the Real Method for Lorentz spaces Lp,q and Schatten-Lorentz
classes Sp,q is illustrated, where Lebesgue spaces Lp and Schatten classes Sp respectively
appear as special cases.

The third Chapter of this work pursues multiple goals. The first is to provide the
theoretical foundations for homogeneous singular integral operators of convolution type,
so as to give context to the discussion in Chapter 4 about the article [14]. To this end,
Section 3.1 presents su!cient conditions for these operators to be bounded from Lp to
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Lp, for 1 < p < ↑, and from L1 to L1,→. Two classic examples, the Hilbert and Riesz
transforms, are also mentioned.

After stating these general results, the remainder of Chapter 3 focuses on the Hilbert
transform in its various forms: on the line, on the circle, and on an arbitrary Lipschitz
curve. This part was motivated by an interest in exploring this topic for its own sake,
rather than as auxiliary results.

Sections 3.2 and 3.3 are developed in parallel to one another, to better highlight
similarities and di"erences between the Hilbert transform on the line and that on the
circle. A nearly identical analogy is that both are bounded from Lp to Lp for 1 < p < ↑,
and from L1 to L1,→. Moreover, in both cases, there exists an integral operator that,
under suitable assumptions on the (real valued) function f to which it is applied, has
as its real part the convolution of f with the Poisson kernel and as its imaginary part
the convolution of f with the so-called conjugate Poisson kernel. Additionally, under
appropriate assumptions, it is possible to show that such an integral converges to f + iHf

on the boundary, where for brevity we use the same notation H to denote the Hilbert
transform on the line and on the circle. What sets the two situations (line and circle)
apart from one another, however, are primarily the required assumptions on f , which
di"er in the two cases, as well as the integrals that are involved: twice the Cauchy integral
for the line and the Herglotz integral for the circle.

In Section 3.4, the Hilbert transform on an arbitrary Lipschitz curve is discussed.
The study of this case is particularly interesting because, unlike the cases of smoother
curves, it cannot be reduced to the example of a straight line or a circle, thus requiring
new techniques.

In Subsection 3.4.1, after introducing its definition, we give some glimpses of the proof
of the L2-boundedness of the Hilbert transform on Lipschitz curves, as presented in the
important paper [7] by R. Coifman, A. McIntosh, and Y. Meyer. This work, published
in 1982, improves upon an earlier, highly significant result by A. P. Calderón [4] from
1977, where the L2-boundedness of the Hilbert transform on Lipschitz curves was proven,
though with the restriction that the Lipschitz constant of the curve must be su!ciently
small.

In Subsection 3.4.2, a property known as the Plemelj formulae is stated, which in
some sense generalizes the case of the real line for the boundary values of Cauchy-type
integrals.
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The results presented in Chapter 3 are, for simplicity, all discussed in the specific
case of Rn, equipped with the n-dimensional Lebesgue measure, and with the (n ↓ 1)-
dimensional Hausdor" measure in the case of surfaces. However, many of these results
also hold for more general spaces and measures.

Finally, as mentioned at the beginning of this introduction, Chapter 4 contains a
detailed presentation of the work in [14]. The main result proven in this paper is as
follows. Suppose that T is a homogeneous singular integral operator of convolution
type with kernel K ↔ C→(Rn \ {0}), and, if f ↔ L1

loc(Rn), denote by Mf the pointwise
multiplication by f . Consider the commutator Cf = MfT ↓ TMf . Then, necessary and
su!cient conditions for Cf ↔ Sp are that f belongs to an appropriate Besov space if
p > n, or that f is constant if 0 < p ↗ n.

In Section 4.3, the proof of su!ciency is presented. Particularly noteworthy is the
proof that, in the case p > n, if f belongs to an appropriate Besov space, then Cf is
in the Schatten class Sp. This proof utilizes a result concerning mixed norm spaces
Lp(Lq) and several results from interpolation space theory. Moreover, while following
the general structure of the proof in [14], the version presented here includes some slight
di"erences: the version proposed in this thesis does not require knowledge of results
related to interpolation of Besov spaces using the real method.

In Section 4.4, the proof of the reverse implication for the case p > n is presented:
if Cf belongs to the Schatten class Sp, then f belongs to a specific Besov space. This
proof is highly technical, and its core idea is to estimate the mean oscillation, first over
single dyadic cubes and then by averaging over all dyadic partitions of Rn. Through this
approach, the condition for f to belong to the desired Besov space is obtained.
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